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Binomial series

Fractional and negative indices

IB Mathematics: Analysis and Approaches HL | 50-question worksheet

Learning goal Expand rational powers, find coefficients and use series to approximate values.

Syllabus link AHL 1.10: fractional and negative indices only. Uses the binomial Maclaurin series
linked to AHL 5.19.

Structure 15 short response; 15 extended response; 20 original IB-style questions.

Technology Non-calculator throughout (Paper 1 style). Work on separate paper.

Instructions

Show your working and give exact answers unless an approximation is requested. Use

-1 —1)(n—2
(1+u)":1+nu+—n(n2' )u2+n(n 3)‘(” )u3+~~~,

lul < 1.

All expansions are about z = 0. For validity questions use the strict condition |u| < 1; endpoint

testing is not required. Write =~ when using a finite truncation to estimate a value.
\ J

1. Short response

3

1. Expand (1+ x)l/ 2 in ascending powers of x, up to and including the term in 23. State the restriction

on xr.

2. Expand (1 —z)7! in ascending powers of z, up to and including the term in 3.

on x.

State the restriction

3

3. Expand (14 2x)~2 in ascending powers of z, up to and including the term in x3. State the restriction

on x.

3

4. Expand (1 — 336)1/ 3 in ascending powers of x, up to and including the term in 3. State the restriction

on x.

3

5. Expand (1+4z)~'/2 in ascending powers of z, up to and including the term in 3. State the restriction

on x.

3

6. Expand (1-— 2x)3/ 2 in ascending powers of x, up to and including the term in 23. State the restriction

on x.
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7. Expand (4 + :):)1/ 2 in ascending powers of x, up to and including the term in 23. State the restriction
on x.

8. Expand (8 —4z)'/? in ascending powers of z, up to and including the term in z°. State the restriction

on xr.

9. Expand (9+ 630)*1/ 2 in ascending powers of z, up to and including the term in 3. State the restriction
on x.

10. Expand (1 — 222)~'/2 in ascending powers of z, up to and including the term in z%. State the

restriction on x.

11. Find the coefficient of 2% in the expansion of (1 — 3z)~2.

12. State the restriction on x obtained from |u| < 1 when expanding each expression.

(a) (1+ 530)*1/3
(b) (16 — 2z)1/4

(c) (1—92%)7"

13. Write (27 4 92)%/3 in the form A(1 + kx)?/3, giving A and k.

and x = % satisfy the

=

14. The Maclaurin series for (1 — 42)~'/2 is used. Which of 2 = —%, x =
condition | — 4z| < 17

15. A student writes (1 +z) /2 =1— %:c — %:UQ + ---. Identify and correct the error.
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2. Extended response

1+ 22
Vi-z

16. Expand up to and including the term in 23. State a restriction on z for which the series

used are valid.

17. Expand (1 —z)(1 + 3z)~"/2 up to and including the term in . State a restriction on z for which
the series used are valid.

Vi+x

1 up to and including the term in 23. State a restriction on z for which the series

18. Expand

used are valid.

1
19. Expand 1 R up to and including the term in 2. State a restriction on z for which the series
-

used are valid.

20. Use the first three terms of the series for (1 +u)/? to find a rational approximation to v/26. State
your value of w.

21. Use a binomial series through the quadratic term to find a rational approximation to +/26.
22. Expand (1 — 2z)~3/2 through 2. Hence approximate (0.98)~%/2, giving a terminating decimal.
23. 1In (1 + kz)~'/2, the coefficient of z is 3. Find k, the coefficient of 2> and the restriction on .

24. The expansion of (1 + ax)" starts 1+ 6z + 2422 + - -, where a # 0 and n € Q. Find a and n.

25. Find p so that the coefficient of 2 in (1 + pz)(1 — 42)~/? is zero. For this p, find the coefficients of
2 3
x and z°.

26. For (1 —422)~Y/2, find the coefficient of 20 and explain why the coefficient of z° is zero.
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27. Complete the table. In each case, use the condition |u| < 1.

Expression | Rewritten as A(1 + u)" | Restriction on z

(25 — 10z)~1/2

(8 + z)2/3

(1+ 1622)~1/4

28. Use the series for (1+u)~2/3 with u = —823 to expand (1 —823)~2/3 through z”. State the restriction

on z and explain why the coefficient of z7 is zero.

29. Two proposed ways to approximate /10 are v/1 + 9 and 34/1 + é. Explain which is suitable for the

series of (1 +u)'/2. Use its first three terms to obtain a rational approximation.

30. Let f(z)=+/1+2x. Its cubic approximation is P3(z) = 1+ z — $2° + 23,

(a) At z = {5, find Ps(z) exactly.

(b) Find the x* term of the series for f(x). Use its sign to predict whether P3(z) overestimates or

underestimates f(x) for small positive z.
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3. IB exam-style / Paper 1

31. [Mazimum mark: 7]

(a) Find the first three terms of (1 + x)'/3.
(b) By a suitable substitution, obtain a rational approximation to v/65.

(c) Explain why your substitution is allowed.

32. [Mazimum mark: 8]
Consider f(x) = (16 — 8z)3/4.

(a) Find the expansion of f(x) through 3.

(b) State the restriction on z.

(¢) Use your expansion to approximate (15.84)%/% as a terminating decimal.

33. [Maximum mark: 8]
Let f(z) = (1 + 6z)~/2

(a) Find the expansion of f(x) through 3.
(b) Find a such that (1 + az)f(x) has no 2% term.

(c) For this value of a, find the coefficient of 23 in the product.

34. [Mazimum mark: 8]
The expansion of (1 + kx)" begins 1 — 4z + 1222 + - - -, where k # 0.

(a) Find n and k.
(b) Find the coefficient of z3.

(c) State the restriction on x.

35. [Maximum mark: 8]
In the expansion of (¢ — 222)~1/2, where ¢ > 0, the coefficient of 2 is 320.

(a) Show that this coefficient is %q_7/2.
(b) Find gq.

(c) State the restriction on x for the resulting expansion.
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36. [Mazimum mark: 8]
Let F(z) = (1 4+ az)"'/2 — (1 — 22)"/2, where a € Q. Tts expansion through z? is bz + ba>.

(a) Find the possible values of a and the corresponding values of b. 6]

(b) For each pair, state a restriction on x for which both component series are valid. 2]

37. [Maximum mark: 12]

1

Let f(z) = (1+32)* and R(z) = 5 ilq’i
(a) Expand f(x) through 3. [4]
(b) Expand R(x) through 22 in terms of p and gq. 3]
(c) Find p and ¢ so that the constant, 2 and 22 terms agree. (3]
(d) Use R(35) to find a rational approximation to (%)2/ 3. 2]
38. [Mazimum mark: 8]

1 -2z
Let = .
a) Expand each factor of (1 — 2z)"/2(1 + x)~%/2 through z°. 4
(a) Exp g
(b) Hence find the expansion of f(z) through z°. 3]
(c) State a restriction on x for which both series are valid. 1]
39. [Mazimum mark: 8]
Consider f(z) = (4 — 3z)7L.
(a) Find the first four terms of its Maclaurin series. (3]
(b) Use these terms to obtain a rational approximation to %. (3]
(c) Explain whether this approximation is an overestimate or an underestimate. 2]

40. [Mazimum mark: 8]
The function f(z) = (1 —2z)~3 is expanded about x = 0.

(a) Find the first four terms. [4]
(b) Find the coefficient of z°. 3]
(c) State the restriction on z. [1]
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41. [Mazimum mark: 8]
Let S(z) = v1+ 4z + /1 — 4z.
(a) Explain why the odd powers of = cancel. 2]
(b) Find the expansion of S(x) through x*. [4]
(c) Hence approximate v/1.04 + 1/0.96 as a terminating decimal. 2]
42.  [Mazimum mark: 7]
Let D(z) = (1 — 3z)~'/2 — (1 4 3z)~ /2.
(a) Find the expansion of D(z) through 23. [4]
(b) State the restriction on z. 1]
(c) Use your result to approximate 01. = — 11. = as a terminating decimal. 2]
43. [Mazimum mark: 7]
The expansion of (a 4 bz)~/2, where a > 0, begins R LR
(a) Find a and b. [4]
(b) Find the coefficient of z2. 2]
(c) State the restriction on x. 1]
44. [Mazimum mark: 9]
Consider F(z) = (1 + az + ba?)(1 — 2z)~1/2.
(a) Expand (1 — 2z)~'/2 through 5. 3]
(b) Find a and b such that the coefficients of z and 22 in F(x) are both zero. [4]
(c) For these values, find the coefficient of 23 in F(x). 2]
45. [Mazimum mark: 8]
An expansion is required for f(z) = (1 + 422)~3/2.
(a) Find the expansion through z°. 4]
(b) State the restriction on z. 2]
(c) Find the coefficient of z8. 2]
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46. [Mazimum mark: 7]
A student proposes 4 +x =2+ %x — %xz 4+

(a) Explain the error and find the correct expansion through 3. [4]
(b) Use the corrected expansion to approximate v/4.08 as a terminating decimal. 2]
(c) State the restriction on z for the series. 1]

47.  [Mazimum mark: 7]
Let f(z) = (1 —2z)~'/2. The diagrams show f (solid) and a polynomial approximation P (dashed) at two

scales.

Near z =0 A wider view

114
_’/0.;,
o
(a) Find the quadratic Maclaurin approximation P(x). 3]
(b) Find P(3) and P(2) exactly. 2]

¢) Use the diagrams an e substituted quantity to explain why |2z| < oes not ensure that this
Use the di d th bstituted tity t lain why |2 1d t that thi
quadratic approximation is equally accurate throughout the interval. 2]
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48. [Mazimum mark: 10]
1

Let f(z) = (1+2) 7% and R(z) = ; igi
(a) Find the expansion of f(x) through 3. [4]
(b) Find p and ¢ so that f and R have the same terms through z2. 4]
(c) Use R(3) to approximate (%)1/3 as a rational number. 2]
49. [Mazimum mark: 10]
Let f(z) = (1 — 3z)"1/2,
(a) Find the expansion of f(x) through 3. [4]
(b) Find A and B so that Af(x) + Bf(—x) has constant term 1 and coefficient of x equal to 0. (3]
(c) For these values, find the coefficient of 2 in the combined series. 3]

50. [Mazimum mark: 14]

142z 1+px
Let f(x) =4/ T and R(z) = I faz

(a) Expand f(x) through x3 and state a restriction on  for which both component series are valid.  [5]

(b) Find p and ¢ so that f and R have the same terms through z?. 4]

(c) Find the coefficient of 23 in f(z) — R(z). 2]

(d) Use R(%) to approximate 2. Use part (c) to predict the direction of the error for sufficiently small

V3

positive z. 3]
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Answer key and solution outlines

The intervals below come from |u| < 1; no claim is made about convergence at endpoints. A series with +---
continues beyond the displayed terms.

1. Short response

1—|—%x—§x2+%x3+---,validfor —-1l<z<l.

l+o4+22+2%+---, valid for -1 <z < 1.

1 — 4z +122% — 3222 + - - -, valid for —%<:v<%.
1—m—x2—§$3+--~,validfor —%<m<%.

1 — 2z + 622 — 2023 + - - -, valid for —}1<x<}l.
1—3:c+%:c2+%:c3+---,validfor —%<a:<%.
2—1—}1:13—6i4x2+5%x3+---,validfor —4<x<A4.

2—%33—%332—3—gzlm3+---,validfor—2<a:<2.

A T o o

11 1.2 5.3, .. i _3 3
53— 5%+ 15T Tea®” + -+, valid for —5 <z < 3.

=
o

. 1+x2+%1‘4+%az6+---,validfor —%<9§<\/L§.

ot
p—

. W(_g)‘l = 5(81) = 405.
- (a) 2] < & (b) |2 < 8; (c) o] < L.
L2731+ 2/3)?3 =9(1 +2/3)%/3, 50 A=9, k= 1.

1
1

w N

14. Only z = —%, since % < 1, whereas 1 and g are not less than 1.

15. The 22 coefficient is H/Z)QM = g, so it is positive: 1 — %:v + %$2 + -

-
\
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2. Extended response

16. Use (1 —xz) /2 =141 a:+3:c2+ 3:3—|— -+ and multiply by 1+ 2z: 1+ :c+181:c2+ L.,
for |z| < 1.

17. Use (1+32)" /2 =1— Se+22?— 13234 and multiply by 1—a: 1— 5o+ %22 - 189234 ..
for [z] < 1.

18. Multiply (24 2z — gz + 523+ )by (I+z+a? + a3+ ) 2+ Jo+ a2 HABa3 4o
for x| < 1.

19. Multiply (1+ 32 — §22 + a3+ )by I+ iz + 22+ S+ ) 1+a+ a2+ 323+,
for |z| < 1.

/96 — 1 _ 1 /96 ~ 1\ _ 5099
20. 26 = 5( %) = 35 and ~ 5(1 + 50 5000) = 000"

1 ~ 1 1 6479

21. V26 =3(1— 5) = 3(1 — g — goe7) =
22, 1+ 3x+ %xz +---. With z = ﬁ, the approximation is 1.03075.
23. —k/2 = 3 = k = —6; the coefficient of 22 is 3k?/8 = 277; 2| < &
24. na = 6 and n(n — 1)a®/2 = 24. Hence (n — 1)/n = 4/3, giving n = —3 and a = —2.

2187"

25. Use (1 — 43:)_1/2 = 1422+ 622 +20x3+---. Thus p+2 = 0, so p = —2; the required coefficients
are 6+ 2p = 2 and 20 + 6p = 8.

26. The u? term with u = —4a? gives (—£)(—4)32% = 202°. Every power of z is even, so the z°
coefficient is 0.

27. 21— 22)712 ) Ja| < 35 41 + L2)?3, |2 < 8; (1 + 1622) V4, 2] < 1

28. 1 = gu + 5u2 — ;%u‘3 + .- gives 1 + 16 23+ 330566 + 20480a:9 + ---. The condition [823] < 1 gives
|| < . Only powers divisible by 3 occur, so the 27 coefﬁment is 0.
29. The second uses u = %, so |u| < 1; the first has u = 9. The approximation is 3(1+ 1—18 - ﬁ) = %.

30. (a) 2. (b) The next term is —2z*. It predicts an overestimate for small positive z; this is a
local prediction from the leading omitted term.
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3. IB exam-style / Paper 1: Questions 31-40

1. (a) 1+ 3z — 222+ (b) V65 =4(1+ VP~ A1+ 155 — 56857) = 2055, (c) 2| = & < L.
2. (a) f(z) =8(1— %:c)3/4 =8-3z—2a?— ¥+ (b) |z < 2. (c) z = & gives 7.9399246875.
3. (a) 1—3:1:—1—27 2 135:1:3+---. (b) %—3a=0, soazg. (c) —1—3’5—1—%:—%.
34. (a) nk = —4, n(n — 1)k?/2 = 12. Dividing gives (n — 1)/n = 3/2, s0o n = -2, k = 2. (b)
n(n 1)(n—2)k3/6 = =32. (c) |z| < }
5. (a) Write ¢ 1/2( —222/q)~ /2. The 2° coefficient is q_1/2(—1%)( 2/q)3 =3¢77%. (b) ¢7T2 =
128 =27, 50 ¢=1. (c) |82?| < 1, giving |z| < ﬁi
36. (a) b=1—a/2 and b= 3a?/8 4+ 1/2. Hence 3a® +4a — 4 = 0, so (3a — 2)(a + 2) = 0. The pairs
are (a,b) = (3,2) and (—2,2). (b) For both pairs the common restriction is |z| < %
37. (a) 142z —a® + g2+ (b)) 1+ (p— @)z + (¢* —pg)a® +---. () p—q=2, —qlp—q) = —1,
soq=%,p=%. (d) R(%)z%.
38. (al) l—z—32°— a3+ and 1 — o+ 322 — a4+ (D) 1 - 3o+ 22— 223+ (¢
|z <5

39. (a) 1+ 2o+ 2a?+ Zad+ . (b) z = 5 gives 8L (c) It is an underestimate: all omitted
geometric-series terms are positive at this x.

40. (a) 1+ 6 + 2422 + 8023 4 ---. (b) FRACIEOED (_9)5 — 672 (c) |2| < L.
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3. IB exam-style / Paper 1: Questions 41-50

41. (a) Replacing x by —z reverses every odd-power term; addition cancels them. (b) S(z) =
2 —4a? — 202" + - (c) z = 755 gives 1.9995998.
42. (a) The even powers cancel: D(z) =3z + 13323 +.... (b) |2| < 1. (c) 2 = 1§ gives 0.030016875.

43. (a) a'/? = = 2 = a = 4. The z coefficient is —b/(2a%/%) = —b/16 = 3.s0b=—12. (b)

3 8(=3P2=13L (o) |z] < 3
44. (a) 1+x+3m2+5x3—|—~~-. (b)a+1=0,b+a+32=0,s0a=-1b=—31 (c) 3+3a+b=1.
45. (a) 1— 622 + 302* — 14025 + - --. (b) 422 < 1, 50 |a| < L. () EBRBRUTTE2) 44 _ 630,

(
46. (a) The factorization is (1 + x/4)1/2: the substituted quantity is x/4. The series is 2 + 1z —
2?4 g5 + -+ (b) z = £ gives 2.019901. (c) 2| < 4.

47. (a) P(z) =1+ x + 32° (b) 223 and 1. (c) The infinite series converges for [2z| < 1, but a

quadratic retains only three terms. The dlagrams show larger discrepancies farther from zero; at

= 2, |2z = 5 1 and higher-power terms are more significant than at 2 = -

10
48.()1——IE—|—2;[2 x3+-.-,(b)p—q_——and —q(p—q) = %,soq:g’p:%' (C)R(%):%
49. (a) 143 2T+ 287372"" 135x3—|— . (b) A+ B =1, %(A—B) =0,s0 A=B= % (c) The even
terms are unchanged the coefﬁc1ent is 13258 34 = 2182385,

50. (a) Multiply (I+z—3a?+3a3+- ) by (14+3z+ 322+ a3+ ) flz)= 1+%x+%$2+%m3+---,
for |z] < 5 (b) p—q= %, —q(p—q) = %, giving ¢ = —1, p = 2. (c) The 2? coefficient of R is
(p— q) 2, so the difference has coefficient 2. (d) f(110) = T ~ R(:5) = 1. Since f — R has

positive leading term 2 3 , R underestimates f for sufficiently small positive x.

|,_.
Ic;x
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